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denote the roots of the quadratic equa-
tion z
2
  ( + )z +  = 0. Since the probability that
M
t









, setting  = 1 in Eq. (1) we
recover the generating function for the probability that
M
t












































the roots of x
2
  ( + )x +  = 0. These roots are
distinct for all  and  when  < 1. The roots become 
and  when  = 1, so that the case  =  is degenerate
for  = 1, but this presents no diÆculties in the subse-





































Tomake contact with better known results on the num-
ber of species currently alive, we note that setting  = 1
gives z
1
= 1 and z
2











(1  )   (   )e
 t( )
(1  )  (  )e
 t( )
if  6= ;
1  (1  )=[1 + t(1  )]
 1





follows by dierentiation, while ex-
pansion of the generating function gives ([10], p. 166)
PrfN
t
























In the limiting case  = , PrfN
t
= 0g = t=(1 + t)
and PrfN
t




for n  1. When
 = 0 (that is, there is a pure birth process) the solution
reduces to that found by Yule [5] in his model of species
evolution under a speciation rate .
There is considerable evidence for major catastrophic
extinctions occurring within a relatively short period,
these extinctions having been attributed to various
causes, including major meteorite impacts [13] and a hy-
pothesised purely biotic mechanism called coevolution-
ary avalanches [14]. To include catastrophic extinctions
in our model, we require the probability density function
f(t) for the time T between the start of a taxon and
the next catastrophe. In the analysis below we carry a
general f(t) as far as possible. The three specic models
discussed here are proposed with some diÆdence, though
each has a certain natural appeal, and each may apply
to appropriate subsets of paleological data. The common
thread to all three models is that as t!1,





with 1= the mean time between catastrophic extinction
events and either q = 0 or q =  1. The small-t behavior
is dierent in the three models, but this dierence does
not aect the dominant asymptotic behavior of the taxon
size distribution. Using Eq. (3) with some exibility as
to the value of q seems a reasonable approach.
(a) The pure exponential model. As a rst model one
may assume that f(t) = e
 t
for t > 0. This asserts
that the waiting time for the next catastrophe is expo-
nentially distributed, but eectively considers only one
taxon: no account is taken of the fact that in a long time
interval, many taxons should be initiated, while in a short
time interval, it is likely that no taxons will be initiated.
Subtle conditional probability eects are ignored.
For models (b) and (c) below, we assume that catas-
trophic extinction events occur in a Poisson process at
rate , while taxon initiations occur in a Poisson process
at rate . Thus the probability density function for the
waiting time between extinctions is  (t) = e
 t
, t > 0,
while the waiting-time density for the start of the next
taxon is (t) = e
 t
, t > 0.
(b) The rst new taxon model. Consider the time to
the next catastrope for the rst taxon initiated after the
previous catastrophe. If we condition on the time T be-
tween catastrophes, the conditional waiting-time density




), 0 < t < T .
The time between the appearance of the taxon and the
next catastrophe therefore has the probability density




), 0 < t < T . We
now average over T to deduce for the time from taxon


















It can be shown that f(t)   ln[1=(t)] as t ! 0, while
f(t)  [=( + )] e
 t
as t!1.
(c) Uniform taxon nucleation between catastrophes.
The probability that there is at least one taxon initiated
in the time interval of duration  between two succes-
sive catastrophes is 1  e
 
. It is known [15] that for a
Poisson process with rate , conditional on there being n
occurrences in a time interval of length  , the occurrence
times have the same distribution as the order statistics of
a set of n independent times, each uniformly distributed
on the interval of length  . This suggests as a model for















The prefactor (+ )= is inserted to ensure that f(t) is















The size of a surviving taxon. We address briey the
distribution of the number N of species in a taxon that
3are living just before a catastrophic extinction event oc-
curs; equivalently this is asking for the distribution of
taxon size today, the detail residing in the probability
density function f(t) for the time since the taxon began.
The case  < , in which a taxon is driven rapidly to
extinction, is not considered. We shall consider only the
case f(t) = e
 t
, t  0. Since relatively simple expres-
sions for PrfN
t
= ng are available, the direct calculation
of the distribution of







becomes possible; the details are equivalent to those in a
model of live taxa where both species and genera prolif-
erate [1] and will not be given here.
In the case  = , the distribution of N is reasonably
rapidly decaying, though its dominant form is subtle:












The stretched exponential behavior is typical of the
crossover behavior in problems of stochastic processes or
statistical physics when exponential decay degenerates to
algebraic decay as a parameter (here ) passes through
a critical value (here ).
If  > , we nd PrfN = ng  constantn
 1 =( )
,
so that PrfN  ng  constant  n
 =( )
as n ! 1.
The mean taxon size is innite if   +. Applications
of these formulae to real data are given elsewhere [17].
Proliferation between catastrophes. The problem of
greater palaeobiological interest concerns the number of
species that ever belong to a taxon. As before, let f(t) be
the waiting-time density for the time T after the emer-
gence of a taxon to the next global extinction. The case
f(t) = e
 t
is of most interest, but we carry generality
when we may. Let the random variable M be the num-
ber of species in a taxon that exists only between two
successive catastrophes. With M
t
the number of species
that have ever existed up to time t, we have
p
m














































We need to determine the asymptotic behavior of ()
near  = 1. If the function () and its rst deriva-
tive 
0
(), respectively, remain nite at  = 1, then
the expected value hM i of M and the variance VarfMg
of M are nite, and we have hM i = 1 + (1) and
VarfMg = 2
0
(1) + (1)   (1)
2
. The function ()







with the root that approaches  as  ! 1, and
x
1
with the root that approaches  as  ! 1. Solving the





the solutions for 1   ! 0, we record for later use that
x
1





= + (1  )=(  ) + O([1  ]
2
):
Provided that the integral in Eq. (5) converges for  = 1,
we nd that the expected value of M is









For  < , the mean is nite for every density f(t). The
degenerate case  =  can be analysed separately, or by
taking the limit !  from below inside the integral in
Eq. (6), giving hM i = 1 + hT i, so hM i diverges in the
degenerate case  =  if the mean waiting time hT i for
catastrophic extinctions is innite.
For  > , the integral in Eq. (6) establishes that
unless f(t) has at least exponential decay, the mean is
necessarily divergent. If f(t)  constant  t
r
exp( t)
as t ! 1, then the mean taxon size if nite so long as
 <  + . Whether it is also nite in the critical case
 = + depends on the value of r. In particular, for the
exponential density f(t) = e
 t
we nd that hM i = 1
if   + , while hM i = 1+ =(+   ) if  < + .
To analyse the case  > , we shall rewrite the integral




























=     + 2(1   )=(   ) + O([1   ]
2
) as










(1  ) + e
 ( )t
;




. In the case f(t) = e
 t
, if we
write y = e
 ( )t











(1  ) + y
:
Mellin transform methods (see, e.g. [16] or [18], Ap-
pendix 2) can be used to extract the asymptotic behavior
of this integral and so determine the expansion for ()




 sin[()=(   )]
+    ;




] +    for
 = +. This asymptotic behavior of () suggests the









;  >  + ;
constant m
 2
lnm  =  + :
4To derive this rigorously would require either a careful
argument based around Darboux's Theorem [18], or the
methods of Flajolet and Odlyzko [19], or Tauberian The-
orems supplemented by information about the ultimate
monotonic decay of p
m
[18, 20]. We obtain the same
asymptotic behavior for the total number of species that
ever existed as that found for currently living species:




;  >  + 
constantm
 1
lnm;  =  + :








(1  ) + e
 ( )t
:











































;  =  + :
There has been a signicant prior work on the mod-
elling of populations subject to disasters in other con-
texts, with particular emphasis on the time to extinc-
tion in the process [21]. However, the principal conclu-
sions of the present paper, especially those drawn for
the properties of extinct taxa, appear to be new. We
have shown that the competition between characteris-
tic rates of species proliferation, individual species ex-
tinction, and large-scale catastrophic extinction is able
to generate long-tailed distributions of taxon size and
consequent scaling properties and fractal interpretations
without the need to assume an underlying fractal model.
The formalism covers both currently live taxa, and taxa
destroyed out by previous global catastrophic extinction
events. Our results are based on a null model for prolifer-
ations and extinctions. The validity of the model can be
assessed by comparing the results established with em-
pirical size distributions for living and fossil taxa (as in
[1]). Models for evolution with an underlying dynam-
ics have been proposed [22]. The null model provides a
useful benchmark against which the predictions of more
detailed models may be assessed and its concepts and
analytical methods may have applications in other areas.
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